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Abstract 
Motivated by geological carbon dioxide (CO2) storage, we present a simple model for the migration of immiscible gravity 
currents with constant residual trapping in a two-dimensional confined and sloping aquifer.  Residual trapping acts as a loss-term, 
it reduces the current volume as long as the CO2 plume continues to migrate.  Comparison with numerical results shows that the 
hyperbolic limit of the governing equations is a good approximation for currents with large mobility. In gently sloping aquifers, 
the current evolution is divided into an initial stage, with power-law decrease of volume, and a later stage, characterized by a 
rapid decay of the plume volume.  Our results suggest that the efficient residual trapping in dipping aquifers may allow CO2 
storage in aquifers lacking structural closure, if CO2 is injected far enough from the outcrop of the aquifer.  However, the poor 
vertical sweep may lead to very long migration distances that may limit the storage capacity of in such aquifers.  All results 
presented here are based on Hesse et al. [1]. 
© 2008 Elsevier B.V. All rights reserved 
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1. Introduction 
This study is motivated by carbon capture and storage (CCS), in geological formations [2].  CO2 is captured from 
industrial processes and stored in a geological formation.  Very large scale CO2 storage is currently only viable in 
saline aquifers.  At most injection conditions CO2 is supercritical and less dense than the ambient brine.  An 
impermeable seal and a structural trap are therefore thought to be necessary to prevent upward migration of the 
buoyant supercritical CO2.  Much of the saline aquifer storage volume is in gently dipping regional aquifers that do 
not have a structural closure [3, 4, 5], and along-dip migration and eventual leakage at the outcrop is a major 
concern for CO2 storage in such aquifers (figure 1). 
 
 
* Corresponding author. Tel.: 650 723 9476; 
E-mail address: tchelepi@stanford.edu. 
Available online at www.sciencedirect.com
   
Energy
Procedia
Energy  Procedia  00 (2008) 000–000 
www.elsevier.com/locate/XXX
c 2009 Elsevier Ltd.
Energy Procedia 1 (2009) 3275–3281
www.elsevier.com/locate/procedia
doi:10.1016/j.egypro.2009.02.113
Open access under CC BY-NC-ND license.
2 Hesse, Orr Jr. & Tchelepi/ Physics Procedia 00 (2008) 000–000 
Figure 1:
Buoyancy driven migration of the mobile CO2 plume (dark grey) along the seal in a confined aquifer sloping with 5 degrees.  A zone containing 
residual saturation forms in its wake and is shown in light gray.  The current forms a thin gravity tongue along the top of the aquifer and residual 
saturation is only left behind in a small fraction of the aquifer, we refer to this as a low vertical sweep efficiency.  The dimensional times 
correspond to the physical parameters discussed in section 5. 
However, trapping mechanisms continually reduce the volume of the mobile CO2 plume, and increase storage 
security over time [2].  Trapping therefore limits both the time scale over which leakage is possible and the 
maximum up-dip migration distance.  The two immediate trapping mechanisms are the dissolution of CO2 into the 
brine [6] and the formation of residual saturation in the wake of the CO2 plume [7].  This contribution proposes a 
simple mathematical model for residual trapping in sloping confined aquifers. 
2. Immiscible displacements and residual saturations 
In many sedimentary rocks, supercritical CO2 is typically the non-wetting phase relative to the ambient brine.  At the 
front of the CO2 plume, the CO2 saturation increases, and the brine is drained from the pore space.  The capillary 
entry pressure prevents the drainage of the brine from the smaller pores, resulting in an incomplete displacement 
(figure 2a).  We refer to the brine left behind the advancing CO2 front as the residual brine, Sbr.   
Bachu & Bennion [8] showed that Sbr can range from 0.2 to 0.68 at storage conditions in saline aquifers (figure 2a).  
They also show that the presence of residual water reduces the apparent permeability of the CO2 to approximately 
1/5 of the single-phase permeability.  We refer to this value as the relative permeability of CO2, denoted krc.  If the 
CO2 plume is migrating laterally as a gravity current, the CO2 saturation decreases at the trailing edge of the plume, 
and the ambient brine imbibes into the pore space previously occupied by CO2.  Preferential imbibition of the brine 
into the smaller pores and interfacial instabilities leave CO2 behind as bubbles and ganglia of disconnected CO2
(figure 2b), which are effectively immobile.  We refer to this immobile CO2 saturation as the residual CO2
saturation, Scr , and to the process as residual trapping.  Bachu & Bennion [8] report values of Scr from 0.1 to 0.35 for 
saline aquifers in the Alberta basin, indicating that they will trap CO2 efficiently.
Most work on residual trapping during CO2 storage has focused on the effect of hysteresis on the magnitude of 
Scr, and the design of injection strategies that maximize residual trapping during, or shortly after, the injection period 
[11, 12, 13].  One aim of this contribution is to point out the importance of the vertical sweep efficiency, S, which 
may be defined as the fraction of the aquifer that is contacted by the CO2 plume during its buoyancy-driven 
migration in the post-injection period.  The sweep is expected to be less than unity, because gravity segregation and 
viscous instabilities lead to the formation of a gravity tongue along the top of the aquifer (figure 1).  While the 
magnitude of the residual saturation is determined by the interplay of viscous and capillary forces on the pore scale, 
the vertical sweep is a macroscopic quantity that can be studied using fluid mechanical models of gravity currents in 
porous media. 
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Figure 2:
(a) Microtomogram of non-wetting CO2 bubbles (black) and water (white) in the pore space between grains (grey), from Benson et al. [9].  
(b) Comparison between non-wetting phase saturation profile after drainage (– – –), inferred from a wire-line log [10], and the simplified step 
function saturation profile corresponding to the sharp-interface approximation (——).  (c) The geometry of the porous layer and the variables 
used in the derivation are shown. 
3. Governing Equations 
We consider the flow of supercritical CO2 with density ȡc=ȡ and viscosity ȝc and of brine with density ȡb=ȡ+'ȡ and
viscosity ȝb in a sloping porous layer of constant thickness H, with dip angle ș > 0, and infinite lateral extent (figure 
2c). Both fluids are considered incompressible, and we assume that the porous medium is homogeneous and 
isotropic with permeability k and porosity I, and that the top and bottom boundaries are impermeable. We consider 
an aquifer and a gravity current with a large aspect ratio (length:height >> 1) so that the velocities in the z-direction
are negligible over most of the current, and the pressure in each phase is hydrostatic. We denote the thickness of the 
CO2 plume by hc = h so that the depth of the brine is given by hb = H íh. In this case the pressure is given by  
where pI is the unknown pressure at the interface, Pc is the constant capillary pressure, and g is the acceleration due 
to gravity.  The volume flux per unit width qp of phase pЫ {c, b} is given by the multiphase extension of Darcy’s 
law qp = -kOp Mp /x, where Mp = p + gUp (x sinT+ z cosT) is the potential of phase p, and Op krpPp is the 
mobility of phase p, assumed to be constant.  The flow rate per unit width of phase p is given by Qp = hpqp. In the 
absence of a source term, and with the assumption of incompressibility, the global conservation of volume is given 
by Q  + Q  = 0.  Using this constraint we can eliminate p  /x from the expressions for the flow rates and obtain 
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Figure 3:
Several comparisons between the numerical solution ('ȟ =0.01) to the full governing equation and the hyperbolic solution of Hesse et al [1] for 
Pe = 2 at Ĳ =50. (a) Increasing M at constant H = 0. (b) Increasing H at constant M = 10. 
The source term Rc accounts for the volume of CO2 that is lost as residual saturation Scr in the wake of the plume 
(figure 1 & figure 2b).  Following Kochina et al. [14] we assume a constant residual saturation, Scr, so that 
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Taking limits for small 'x and 't the equation for the evolution of the interface is given by  
We have introduced two parameters: the conductivity ț of the CO2 (ț1 t ț0), and the mobility ratio across the 
advancing interface given by M = Ȝc/Ȝb.  We choose the following dimensionless variables K = h/H, [ = x/L,
V = N/N1, and W = t N1sinT/L.  Substituting these definitions into the governing equation we obtain 
The dimensionless governing parameters are the mobility ratio across the advancing interface M = krcPb/(Pckrb), the 
Peclet number, Pe = L/H tanT, and the residual H = Scr/(1-Sbr).  Note that we have corrected several typos the 
derivation presented in Hesse et al. [1]. 
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Figure 4:  Evolution of the current volume, V, for M = 5 and increasing Pe.  The evolution is shown as a function of diffusive dimensionless time, 
-= W/Pe, so that the similarity solution for the horizontal limit can be shown for comparison (for details see Hesse et al. [1]).  The time axis at the 
top gives dimensional values corresponding to the parameter choice discussed in section 5, assuming cosș § 1.
4. Numerical Solutions 
We present numerical solutions and show that the current evolution for intermediate values of Pe can be understood 
in terms of an early and late period that correspond to the parabolic and hyperbolic limits of the governing equations 
respectively.  The numerical solutions were computed using standard finite-volume techniques and explicit time 
integration [15].  
Hesse et al. [1] have assumed Pe >> 1 and presented semi-analytical solutions to the hyperbolic limit of the 
governing equation based on the method of characteristics.  In this case the leading edge of the current is given by a 
rarefaction and the trailing edge by a shock (figure 3). In the presence of residual trapping, the current volume is 
reduced to zero in finite time. Expressions for the up-dip migration distance and the final migration time are 
obtained.  In CO2 storage, the Pe number is not necessarily large, but the mobility ratio is generally larger than unity, 
M § 5.  Figure 3 shows that near hyperbolic behavior is observed even for small Pe and large M, the case of interest 
in CCS.  Hesse et al. [1] show that this behavior is due to the particular form of the non-linear advection and 
diffusion terms in the governing equation. 
Figure 4 shows the reduction of the volume of the CO2 plume due to continuous residual trapping.  In the limit of 
a horizontal porous layer the governing equation becomes parabolic and admits similarity solutions [1].  In gently 
sloping media, the current transitions from initial parabolic behavior to hyperbolic behavior at late times.  Owing to 
the distinctly different behavior of these limiting cases, the transition is apparent in the evolution of the current 
volume (figure 4).  An initial power-law decay of the current volume is followed by a much more rapid decay 
characteristic of the hyperbolic limit.  Increasing the slope of the aquifer or the initial aspect ratio of the current 
reduces the duration of initial period.  We observe that the limiting solution describes the rapid decay of the current 
volume at late times, even for Pe<1.  The continued volume loss and the resulting extinction of the current give rise 
the up-dip migration distance, ȟĹ, and the final migration time, Ĳf .
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5. Application to CO2 Storage 
Nicot [16] considered the storage of roughly a fifth of the CO2 emissions from coal power stations in the state of 
Texas over the next 50 years.  This would require the injection of approximately 370106 m3 per year of supercritical 
CO2, equivalent to 50 MtCO2 per year, into the central section of the Carrizo–Wilcox aquifer.  He envisaged a line 
of 50 wells aligned perpendicularly to the dip of the aquifer with a 1.6 km spacing.  These wells act as a 80 km line 
source, and our one-dimensional solution is a reasonable approximation of the displacement away from the edges.  
To obtain first-order estimates of the migration distance of the injected CO2, we assume the following constant 
aquifer properties estimated from the data given in Nicot [16]: H §200 m, k §500 mD, ĳ §0.15, the average depth of 
injection 2.7 km, the average distance to the outcrop 100 km, and therefore an average dip angle, ș §1.5 degrees.  
We assume the following fluid properties: 'ȡ §300 kgmí3, Scr =Sbr = 0.2, ȝb/ȝc §10, krc §0.2, krb =1 (at the 
advancing interface).  Given these data, the appropriate length scale at the end of 50 years of injection is L§10 km, 
so that the initial aspect ratio is A = L/H §50.   
The three governing parameters are therefore M §5, H §0.25 and Pe=A tan ș §1.4.  Hesse et al. [1] show that the 
migration distance and time for M =5 are already close to the hyperbolic limit for Pe=1.4, and for the hyperbolic 
limit they obtain ȟĹ §80 and Ĳf §110.  The along-slope migration distance would be approximately ȟĹL = 800 km, so 
that the migration distance exceeds the up-dip extent of the aquifer significantly.  Under the simplifying assumptions 
made here, this particular injection scenario does not ensure that all CO2 would be trapped by residual saturation 
alone.  The initial length scale L would have to be reduced to 100km/ȟĹ =1.25 km to achieve residual trapping of all 
injected CO2.  This could be achieved by increasing the width of the injection zone from 80 to approximately 620 
km.  Another option would be to reduce the volume injected into this aquifer from 50 to roughly 6.5MtCO2 per year, 
assuming the original injection width of 80 km. In this case, the CO2 would remain mobile for 1550 years after the 
end of injection. 
The Carrizo–Wilcox formation has a relatively high permeability for deep saline aquifers and is relatively thick.  
Therefore, the time estimated for trapping all injected CO2 is shorter and the storage volume is larger than expected 
for other deep aquifers.  In many cases, the properties of deep saline aquifers are closer to: k §30 mD, ĳ §0.1,  
H §20 m, and the dip angle may be as small as 1/2 degrees [17].  In this case, the storage volume is less than 10% of 
that discussed above for the same width of injection.  To assist comparison, we assume all other properties are the 
same, so that Pe§1/2.  The volume evolution for this case and various larger angles is shown in figure 4, and the 
evolution of the interface shape for ș = 5 degrees is also shown in figure 1.  Figure 4 shows that the migration time 
of the current is reduced from approximately 40 000 years for a slope of 1/2 degree to approximately 2000 years for 
a slope of 15 degrees. For all angles between ½ and 15 degrees the up-dip migration distance is between 80 and 86 
km.  As the slope of the aquifer increases, the distance the plume can migrate before it reaches the surface decreases. 
Assuming an injection depth of 2000 m, only angles less than 2 degrees prevent leakage in the example considered 
above, and even for ș = 1/2 degrees the CO2 rises 750 m vertically.  Therefore, the depth of the current at the end of 
migration is the important criterion for storage security. Given the dimensionless initial depth, d0 = D0/L, the 
dimensionless final depth is d = íd0 + ȟĹ sin ș.
6. Conclusion
We have derived a simple model governing the migration of a gravity current with residual saturations in a two-
dimensional confined sloping aquifer. This model allows an analysis of the effect of the imperfect vertical sweep on 
the migration distance and time of the current.   
In gently sloping aquifers, an initial regime with power-law decay of the volume is followed by regime with very 
rapid volume decay.  Increasing the slope of the aquifer or the initial aspect ratio of the current reduces the duration 
of initial parabolic period, and therefore accelerated residual trapping.  Our results suggest that lateral migration of 
the injected CO2 along the seal will trap the CO2 relatively quickly as residual saturation. Residual trapping is 
effective in sloping aquifers with small mobility ratios and high residual CO2 saturations.  However, the long 
migration distances of CO2, owing to the formation of a gravity tongue, may limit the volume of CO2 that can be 
stored in sloping regional aquifers. 
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